(where q=p n and the prime on the summation sign indicates summation over i, (i, p) = l) is then a p-adic integer or has at most a denominator of p.
The present paper studies the £-adic properties of the sequence {S [n, x k g(x) ], Schur dérivâtes of the sequence of sums of the values of g(x) for x less than and prime to p n divided by p n . The sums are over a special set of values, a reduced residue set modulo p n ; sums over other sets of values of x might be studied. For example, the function might be summed over integers congruent to c modulo p and less than p n . The formulas of this paper could be used in this special case by setting g(x) =0 in the other residue classes. In fact, the methods of this paper treat the values belonging to a particular residue class modulo p together as a part of the whole sum.
1. Power series representations of the Schur dérivâtes. It will be convenient first to consider the sum of the values of a function, g(x), for the integers less than and prime to p n , p a rational prime. The results of this section will be applied to the special case g(x) =*x k and theorems concerning the £-adic convergence of {S [n, x k ]} and the Schur dérivâtes of this sequence will be proved.
Assume that g(x) is a function defined for £-adic integers and g(x) can be represented by power series
•-,*-1,
, <j> the valuation function. Note that the power series about different a are independent. A consequence of this analyticity condition is that g(x) can be developed about any point in the circle of convergence, and the series will converge for any point in the original circle to the same limit. Since each of the power series can be differentiated term by term, g (k) (x) is a function satisfying the analyticity conditions imposed on g(x) in this paragraph.
Assume also that 5 [n,
where N is independent of k. The power series of g(x) will be used to express 5 [w+l, g(x) ] and consequently
where r=p n+l and g=£ n ,
P-I p!
Divide (1, 2) by £ n+1 and obtain
Since g {k) (x) is a function satisfying all the conditions imposed on g(x), (1,4) becomes
Note that the coefficients L'{p) depend only on the summation index. An estimate of the valuation of L'(p) will be required for the investigation of the higher dérivâtes. From (1, 5)
In general, an expression for A r+1 S[n, g(x) ] as an infinite series in S [n, g (a) (x) ] may be obtained from a series for A r S [n, g(x) ] by substitution into the definition of A r+l S[n, g(x) ], algebraic manipulation, and rearrangement of a double series. A recursion formula for the coefficients of the series for A r+1 S[n, g(x) ] in terms of the coefficients of A r S [n, g(x) ], AS [n, g(x) ] results. Justification of the rearrangement of the double series requires an estimate of the valuation of the coefficients of A r S [n, g(x) ] and AS [n, g(x) ]. This estimate of the valuation of the coefficients is established by induction, using the recursion formula for the coefficients. To prove the possibility of representation of A r S [n, g(x) ] as an infinite series in S[n, g ia) (x)] in the manner described, the results concerning the recursion formula and the valuation of the coefficients will be stated before it is evident how they are obtained.
(
is a function defined for p-adic integers, and g(x) may be expanded into power series about a = l, 2, •••,£ -1, p-adically convergent if (t>(x -a)<l, and S[n, g (k) 
(x)] is uniformly p-adically bounded, then there exist coefficients H m) (a) independent of n and g(x) such that
The proof is by induction on m. For m = l, (1, 9) and (1, 11) become (1, 4) and (1, 7). The first formula of (1, 10) is (1,5).
Assume (1, 9) and (1, 11) hold for m^r. The truth of (1, 9) and (1, 11) for w = l, r implies (1, 9) for m = r+l and the recursion formula of (1, 10) for m = r. The recursion formula of (1, 10) for m -r implies (1, 11) for m = r+l. Substitution of (1, 9) for m~r into the definition of A r+l S[n, g{x)] gives 5 The composite superscript u *m n after a "]C" shall indicate the summation condition a+^^T, 0s£l, otézm. The notations "%2* r " and a max*^, , are to be interpreted correspondingly. [Apri
A^S[n, g(x)] = {A*S[n + 1, g(x)) -A*S[n, g(x)])/p^
-{ Ê£ (r) («)/> (n+1)(a - r) S[» + 1, g M (x)] -J^LM( a )p n^^S [n, g w (x)]\/p n+1 00 = X)i (r) («){/> <n+1,(a_r) 'S'h + 1, £ (o) (*)] -£<»+ 1 ><«-' ->S[w, g<<">(*)] + ^<«+ 1)( «- rt 5[», g (a) (*)] -p n< -"- r) S[n, g M (x)]}/p n+l
= 2 i(r> («){/> (n+1)(ar) A5K g <a) (*)] + (^(n+l)(a-r) _ pn(a-r)) S fa gt«) ( x ) ]/p n+1

}
The coefficient of «5[w, g
0*0] in A r+1 S [w, g(x) ], after a formal rearrangement of terms, which will be justified later, is 
Since the exponent of 5 in the valuation of the terms of A m S[n, x k ] is a nondecreasing function of a, the first term (a = w) has the maximum valuation. Hence
Since the exponent of ô in (2, 2) is independent of n, it follows that 
where R n is a £-adic integer. As n approaches oo, the second term of the right member of (2, 6) approaches zero. Hence 
For positive even fe, introducing the Bernoulli numbers, £«,
where S n has power of p at least 2(» -1) minus the maximum exponent of p in the denominators of the coefficients of (p n ) 2 , • • •, (p n ) h+1 , say 2M-e*, where c* is independent of ». Then
Hence, for k even,
n-»oo
For positive odd k, 'S[n, x J '] ) < e îorj^N, N independent of n.
The condition (4, 3) is satisfied by virtue of Theorem (2, 5) and the condition (4, 4) is satisfied from the condition on the coefficients a) and the fact that <t> (S[n, x j \) 
